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ABSTRACT

Distributed Partially Observable Markov Decision Problems (Dis-
tributed POMDPS) are a popular approach for modeling multi-agent
systems acting in uncertain domains. Given the significant com-
plexity of solving distributed POMDPSs, particularly as we scale

determinism in the outcomes of actions and because the world state
may only be partially (or incorrectly) observable. Unfortunately, as
shown by Bernsteirt al. [3], the problem of finding the optimal
joint policy for general distributed POMDPs is NEXP-Complete.
Researchers have attempted two different types of approaches

up the numbers of agents, one popular approach has focused Orgowards solving these models. The first category consists of highly

approximate solutions. Though this approach is efficient, the algo-
rithms within this approach do not provide any guarantees on so-
lution quality. A second less popular approach focuses on global
optimality, but typical results are available only for two agents,

efficient approximate techniques, that may not reach globally op-
timal solutions [2, 9, 11]. The key problem with these techniques

has been their inability to provide any guarantees on the quality
of the solution. In contrast, the second less popular category of ap-

and also at considerable computational cost. This paper overcomed0aches has focused on a global optimal result [13, 5, 10]. Though

the limitations of both these approaches by providing SPIDER, a
novel combination of three key features for policy generation in dis-
tributed POMDPs: (i) it exploits agent interaction structure given
a network of agents (i.e. allowing easier scale-up to larger number
of agents); (ii) it uses a combination of heuristics to speedup policy
search; and (iii) it allows quality guaranteed approximations, allow-
ing a systematic tradeoff of solution quality for time. Experimen-
tal results show orders of magnitude improvement in performance
when compared with previous global optimal algorithms.
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1. INTRODUCTION

Distributed Partially Observable Markov Decision Problems (Dis-
tributed POMDPSs) are emerging as a popular approach for mod-
eling sequential decision making in teams operating under uncer-
tainty [9, 4, 1, 2, 13]. The uncertainty arises on account of non-
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these approaches obtain optimal solutions, they typically consider
only two agents. Furthermore, they fail to exploit structure in the
interactions of the agents and hence are severely hampered with
respect to scalability when considering more than two agents.

To address these problems with the existing approaches, we pro-
pose approximate techniques that provide guarantees on the qual-
ity of the solution while focussing on a network of more than two
agents. We first propose the basic SPIDER (Search for Policies
In Distributed EnviRonments) algorithm. There are two key novel
features in SPIDER: (i) it is a branch and bound heuristic search
technique that uses a MDP-based heuristic function to search for an
optimal joint policy; (ii) it exploits network structure of agents by
organizing agents into a Depth First Search (DFS) pseudo tree and
takes advantage of the independence in the different branches of the
DFS tree. We then provide three enhancements to improve the effi-
ciency of the basic SPIDER algorithm while providing guarantees
on the quality of the solution. The first enhancement uses abstrac-
tions for speedup, but does not sacrifice solution quality. In partic-
ular, it initially performs branch and bound search on abstract poli-
cies and then extends to complete policies. The second enhance-
ment obtains speedups by sacrificing solution quality, but within
an input parameter that provides the tolerable expected value dif-
ference from the optimal solution. The third enhancement is again
based on bounding the search for efficiency, however with a toler-
ance parameter that is provided as a percentage of optimal.

We experimented with the sensor network domain presented in
Nair et al. [10], a domain representative of an important class of
problems with networks of agents working in uncertain environ-
ments. In our experiments, we illustrate that SPIDER dominates
an existing global optimal approach called GOA [10], the only
known global optimal algorithm with demonstrated experimental
results for more than two agents. Furthermore, we demonstrate
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(while providing optimal solutions). We finally demonstrate a key
feature of SPIDER: by utilizing the approximation enhancements
it enablegrincipledtradeoffs in run-time versus solution quality.



2. DOMAIN: DISTRIBUTED SENSOR NETS hyper-link,{, exists between a subset of agents fofalthat com-

Distributed sensor networks are a large, important class of do- Prise k. Theinteraction hypergraplis defined as = (Ag, E),
mains that motivate our work. This paper focuses on a set of targetWhere the agentsdg, are the vertices an& = {i|l S Ag A
tracking problems that arise in certain types of sensor networks [6] £ iS & component oft} are the edges. o _
first introduced in [10]. Figure 1 shows a specific problem instance  The initial belief state (distribution over the initial staté),is
within this type consisting of three sensors. Here, each sensor nodedefined as(s) = bu(su) - [, <<, bi(s:), whereb, andb; refer
can scan in one of four directions: North, South, East or West (see to the distribution over initial unaffectable state and aginiitial
Figure 1). To track a target and obtain associated reward, two sen-Pelief state, respectively. The goal in ND-POMDP is to compute
sors with overlapping scanning areas must coordinate by scanningthe joint policym = (1, ..., m,) that maximizes team’s expected
the same area simultaneously. In Figure 1, to track a target in Loc1- réward over a finite horizoi’ starting from the belief state
1, sensorl needs to scan ‘East’ and sensor2 needs to scan ‘West’ AN ND-POMDP is similar to am-ary Distributed Constraint
simultaneously. Thus, sensors have to act in a coordinated fashion Optimization Problem (DCOP)[8, 12] where the variable at each

We assume that there are two independent targets and that eacROde represents the policy selected by an individual agentjth
target's movement is uncertain and unaffected by the sensor agentsthe domain of the variable being the set of all local policiés,
Based on the area it is scanning, each sensor receives observationshe reward componenk,; where|l| = 1 can be thought of as a
that can have false positives and false negatives. The sensors’ oblocal constraint while the reward componeitwherel > 1 cor-
servations and transitions are independent of each other’s actiond€SPonds to a non-local constraint in the constraint graph.
e.g.the observations that sensorl receives are independent of se ; . ; ;
sor2’s actions. Each agent incurs a cost for scanning whether therg'2 Al_gonthm' Global Optlma_l Algorithm (GOA)
target is present or not, but no cost if it turns off. Given the sensors’ [N previous work, GOA has been defined as a global optimal
observational uncertainty, the targets’ uncertain transitions and the@lgorithm for ND-POMDPs [10]. We will use GOA in our experi-
distributed nature of the sensor nodes, these sensor nets provide 1e€ntal comparisons, since GOA is a state-of-the-art global optimal

useful domains for applying distributed POMDP models. algorithm, and in fact the only one with experimental results avail-
able for networks of more than two agents. GOA borrows from a

global optimal DCOP algorithm called DPOP[12]. GOA's message

® ® ® passing follows that of DPOP. The first phase is the UTIL propa-
gation, where the utility messages, in this case values of policies,

1 2 3 are passed up from the leaves to the root. Value for a policy at an
agent is defined as the sum of best response values from its chil-

Figure 1: A 3-chain sensor configuration dren and the joint policy reward associated with the parent policy.
Thus, given a policy for a parent node, GOA requires an agent to

iterate through all its policies, finding the best response policy and

returning the value to the parent — while at the parent node, to find

3. BACKGROUND the best policy, an agent requires its children to return their best
o responses to each of its policies. This UTIL propagation process
3.1 Model: Network Distributed POMDP is repeated at each level in the tree, until the root exhausts all its

The ND-POMDP model was introduced in [10], motivated by ~Policies. In the second phase of VALUE propagation, where the
domains such as the sensor networks introduced in Section 2. It isOPtimal policies are passed down from the root till the leaves.
defined as the tupls, A, P, Q, O, R, b), whereS = x;<;<nS; x GOA takes advantage of the local interactions in the interaction
S, is the set of world statesS; refers to the set of local states of ~ graph, by pruning out unnecessary joint policy evaluations (asso-
agenti and S, is the set of unaffectable states. Unaffectable state Ciated with nodes not connected directly in the tree). Since the
refers to that part of the world state that cannot be affected by the interaction graph captures all the reward interactions among agents
agents’ actions, e.g. environmental factors like target locations that @nd as this algorithm iterates through all the relevant joint policy
no agent can controlA = x,<;<, A, is the set of joint actions, evaluations, this algorithm yields a globally optimal solution.
whereA; is the set of action for agent

ND-POMDP assumesansition independencavhere the tran- 4. SPIDER

sition function is defined a® (s, a,s") = Pu(su,su) - [[1<icn As mentioned in Section 3.1, an ND-POMDP can be treated as a
P;(si, Su,as, s;), wherea = (a1, ..., an) is the joint action per- DCOP, where the goal is to compute a joint policy that maximizes
formed in states = (s1,...,8n, su) @ands’ = (s1,...,,,5,) is the overall joint reward. The brute-force technique for computing
the resulting state. an optimal policy would be to examine the expected values for all
1 = Xi<i<afl; is the set of joint observations whef®; is possible joint policies. The key idea in SPIDER is to avoid com-

the set of observations for agentsObservational independence  putation of expected values for the entire space of joint policies, by
is assumed in ND-POMDPs i.e., the joint observation function is utilizing upper bounds on the expected values of policies and the

defined as0(s, a,w) = [],«;«, Oi(si, Su,as, w;), wheres = interaction structure of the agents.
(s1,...,5n,s.) is the world state that results from the agents per-  Akin to some of the algorithms for DCOP [8, 12], SPIDER has a
forminga = (au,...,ax) in the previous state, and pre-processing step that constructs a DFS tree corresponding to the
w =(w1,...,wn)€ Q is the observation received in state This given interaction structure. Note that these DFS trees are pseudo
implies that each agent’'s observation depends only on the unaf-trees [12] that allow links between ancestors and children. We em-
fectable state, its local action and on its resulting local state. ploy the Maximum Constrained Node (MCN) heuristic used in the
The reward functionR?, is defined as DCOP algorithm, ADOPT [8], however other heuristics (such as
R(s,a) = >, Ri(su1,-- -, Sir, Su, (@11, - - -, a1r)), Where each MLSP heuristic from [7]) can also be employed. MCN heuristic

could refer to any sub-group of agents and= |I|. Based on tries to place agents with more number of constraints at the top of
the reward function, ainteraction hypergraphs constructed. A the tree. This tree governs how the search for the optimal joint pol-



icy proceeds in SPIDER. The algorithms presented in this paper areand underlined, it implies that the actual expected value of the joint

easily extendable to hyper-trees, however for expository purposes,policy is provided.

we assume binary trees. SPIDER begins with no policy assigned to any of the agents
SPIDER is an algorithm for centralized planning and distributed (shown in the level 1 of the search tree). Level 2 of the search tree

execution in distributed POMDPs. In this paper, we employ the indicates that the joint policies are sorted based on upper bounds

following notation to denote policies and expected values: computed for root agent’s policies. Level 3 shows one SPIDER
Ancestors(i) = agents from to theroot (not includings). search node with a complete joint policy (a policy assigned to each
Tree(i) = agents in the sub-tree (not includingfor which i is of the agents). The expected value for this joint policy is used to
the root. prune out the nodes in level 2 (the ones with upper boun@s4)
7"°°tt = joint policy of all agents. When creating policies for each non-leaf agénSPIDER po-

7T = joint policy of all agents ifl'ree (i) U i. tentially performs two steps:

7'~ = joint policy of agents that are iAncestors(i). 1. Obtaining upper bounds and sorting In this step, agent

m; = policy of theith agent. computes upper bounds on the expected valties, 7°~] of the

o[m;, 7] = upper bound on the expected value #6t given; joint policiesw** corresponding to each of its poliey and fixed

and policies of ancestor agents iz ancestor policies. An MDP based heuristic is used to compute these
¥ [mi, 7] = upper bound on the expected value£4¥ from the upper bounds on the expected values. Detailed description about
jth child. this MDP heuristic is provided in Section 4.2. All policies of agent
v[m;, 7] = expected value far; given policies of ancestor agents, i, II; are then sorted based on these upper bounds (also referred to
. as heuristic values henceforth) in descending order. Exploration of
v[r*t, 7"7] = expected value for™ given policies of ancestor  these policies (in step 2 below) are performed in this descending
agentsyri™. order. As indicated in the level 2 of the search tree (of Figure 2), all
vi[rt, 7] = expected value for'* from thejth child. the joint policies are sorted based on the heuristic values, indicated

in the top right corner of each joint policy. The intuition behind
sorting and then exploring policies in descending order of upper
O — EaE bounds, is that the policies with higher upper bounds could yield
joint policies with higher expected values.
2. Exploration and Pruning: Exploration implies computing
the best response joint poliey ™* corresponding to fixed ances-
LEVEL1 tor policies of agent, 7*~. This is performed by iterating through
all policies of agent i.e. IT; and summing two quantities for each
policy: (i) the best response for all g6 children (obtained by per-
forming steps 1 and 2 at each of the child nodes); (ii) the expected
value obtained by for fixed policies of ancestors. Thus, explo-
ration of a policyr; yields actual expected value of a joint policy,
7' represented as[7*", 7*~]. The policy with the highest ex-
pected value is the best response policy.
Pruning refers to avoiding exploring all policies (or computing
expected values) at agertty using the current best expected value,

Agent Tree for
== Figure 1 sensor
network

) Policy Tree
& (Horizon 2)

LEVEL 2

[Pruneq] S ™ [t 78], Henceforth, this™*® [z**, 7*~] will be referred
to asthreshold A policy, 7; need not be explored if the upper
LEVEL 3 bound for that policyp[m;, 7°~] is less than théhreshold This is

because the expected value for the best joint policy attainable for
that policy will be less than the threshold.

On the other hand, when considering a leaf agent, SPIDER com-
putes the best response policy (and consequently its expected value)
corresponding to fixed policies of its ancestars, . This is accom-

Figure 2: Execution of SPIDER, an example plished by computing expected values for each of the policies (cor-
responding to fixed policies of ancestors) and selecting the highest
expected value policy. In Figure 2, SPIDER assigns best response

4.1 Outline of SPIDER policies to leaf agents at level 3. The policy for the left leaf agent is

SPIDER is based on the idea of branch and bound search, Whereto perform action "East” at each time step in the policy, while the

the nodes in the search tree represent partial/complete joint poIi-poIICy for the right leaf agt_en_t Is to perform “Off” at each time step.
cies. Figure 2 shows an example search tree for the SPIDER allgO_These best response policies from the leaf agents yield an actual

rithm, using an example of the three agent chain. Before SPIDER expected value of 234 for the complete joint policy.

begins its search we create a DFS tree (i.e. pseudo tree) from theritr?rlr??)rlljtthwtsl trF:reO\t;gsets'(;ihn?[ pzﬁ(l:l d?ﬁ? ((jv?litfﬁ raiPel)l(D Eelzt'ezh\llzligo_
three agent chain, with the middle agent as the root of this tree. P ! policys P

SPIDER exploits the structure of this DFS tree while engaging in gﬁ:tfﬁethfe";rf:zo?ng tk;?i?gi?ts :iﬁeg(?)mﬂﬁfﬁigﬁs 090213
its search. Note that in our example figure, each agent is assignecf3 P policy 9

. : computes the best response joint policy for ageniriee (). This
a p_ohcy with Tz‘?" Thus, each r_ounde_d rectange (sear_ch _tree rmde)besteesponse computZtion fchr a n%n-lgaf a@gmludes:( (?':1) Sort-
indicates a partial/complete joint policy, a rectangle indicates an ing of policies (in descending order) based on heuristic values on
agent and the ovals internal to an agent show its policy. Heuristic .

. S . line 11; (b) Computing best response policies at each of the chil-
or actual expected value for a joint policy is |nd|cated_ n th_e_top dren for fixed policies of agertn lines 16-20; and (c) Maintaining
right corner of the rounded rectangle. If the number is italicized




Algorithm 1 SPIDER(, 7™, threshold) compact the standard notation:

1. 7t — nall N
2: II; < GET-ALL-POLICIES (horizon, A;, Q;) ol :Ok(52+1,83+17Wk(tﬁi),w;tfl) @
3: if IS-LEAF(i) then A
4 forall m, € II, do | o SPe(sh st (@), ) - o
5: v[m;, 7] — JOINT-REWARD fr;, 7°™) N
6: if v[m;, 7*~] > threshold then pt, SP(st, st
7: it o,
8: threshold « v[m;, 7] 511S = <51l£1 ) sz ) Sz> ?"-’lt = <"-’251=Wf2>
9: else A
10:  children — CHILDREN (i) i SRy(s], m, (&), 1, (&)
11: T1I; — UPPER-BOUND-SORT, IT;, 7' ~) N
12: forall =; € II; do v =V, (81, 80, 81, G, )
13: 7t — . . .
14: if d[m;, =] < threshold then Depending on the location of ageiin the agent tree we have the following
15: Goto line 12 cases:
16: for all j € children do _
17: jThres « threshold — v[m,j‘rl_]f - IF k € {Ancestors(i) Ui}, pl. 2 L, @)
_ Skechitdren, ks O [mi, ™ 7] ~
18: mwit* — SPIDER(j, ; || #'~, jThres) IF k € Tree(s), pt, = Pk(si,si,ﬂk(@i),s?q)
19: Fit Rt || gt N
20: o [7.ri,7ri__] —[rdt* || 7] IFlec B,/ = {n;ax} Rl(sf,ml(d)’fl),ab)
21: if v[7*T, 7%~ > threshold then 2
22: threshold «— v[7't, i) it st D ¢
) ! < ) IF le Bt 7t 2 Ri(st,ar,,
23: 7r1_+’* — it Tl {“Til)l:} l(sl ary alz)
24: return mit*
Algorithm 2 UPPER-BOUND-SORT;, II;, 7 ™) The value function for an ageiexecuting the joint policyr™* at

1- children — CHILDREN (i) timen — 1 is provided by the equation:

2: II; < null /* Stores the sorted list */ 1, =1 —n—1 -1 1
3: forall m; € II; do VIE L") = Yiei- v+ Diepi+ v/ ®)

o . 11— _ . 11— _ _ _ _ _
5 forailj o enildrendo o enT) where o7t = 7 b S up ol ]
6: ¥j[m;, "] «— UPPER-BOUNDY, j, m; || 7*7)
7 mg, wim] & 0w, w7
8: II; « INSERT-INTO-SORTED(m;, I1;) - —
9: return 11, Algorithm 3 UPPER-BOUND(4, j, 77 7)
1: val — 0

2: forall L € B9~ UE’* do
best expected value, joint policy in lines 21-23. 3: ifle B thenm, «— ¢
Algorithm 2 provides the pseudo code for sorting policies based 4: forall 57 do
on the upper bounds on the expected values of joint policies. Ex- 5 val & startBel[sy]- UPPER-BOUND-TIME
pected value for an agentconsists of two parts: value obtained (4,89, 4,m,, ()
from ancestors and value obtained from its children. Line 4 com- 6: return val
putes the expected value obtained from ancestors of the agent (us-
ing JOINT-REWARD function), while lines 5-7 compute the heuris-
tic value from the children. The sum of these two parts yields an
upper bound on the expected value for agerdnd line 8 of the ~ Algorithm 4 UPPER-BOUND-TIME(i, s}, j, ™, , &f, )
algorithm sorts the policies based on these upper bounds. 1 mazVal — —oo
2: forall a;, ,a;, do
_— . 3. ifle B andl € EI~ thena;, — m;, (&)
4.2 MD.P. base.d hegnsﬂc fgnct|on 4 val — GET-REWARD(s!. i, a1,) 1
The heuristic function quickly provides an upper bound on the 5: if ¢t < 7;.horizon — 1 then
expected value obtainable from the agent§irec(i). The sub- 6 forall 57", w/ ! do

l

tree of agents is a distributed POMDP in itself and the idea here 7: futVaalzpflpfz

is to construct a centralized MDP corresponding to the (sub-tree) g. futVal & UPPER-BOUND-TIMEs!*!, j,m, &t |
distributed POMDP and obtain the expected value of the optimal 1 b
policy for this centralized MDP. To reiterate this in terms of the @, )

agents in DFS tree interaction structure, we assume full observabil- 9:  wval & futval
ity for the agents iff'ree(i) and for fixed policies of the agents in ~ 10:  if val > mazVal thenmazVal — val
{Ancestors(i) Ui}, we compute the joint valugz'", 7 ~] . 11! retum mazVal

We use the following notation for presenting the equations for
compiLljlng upper bounds/_heurlstlc values (for "’?ge'm"“)- . Upper bound on the expected value for a link is computed by
Let E*~ denote the set of links between agent§.imcestors(i)U modifying the equation 3 to reflect the full observability assump-
i} and Tree(i), E't denote the set of links between agents in tion. This involves removing the observational probability term
Tree(i). Also, if | € E*~, thenl, is the agent i{ Ancestors(i) U for agents irl'ree(i) and maximizing the future valug' over the
i} andl is the agent irf'ree(), that! connects together. We first  actions of those agents (ifiree(¢)). Thus, the equation for the




computation of the upper bound on a lihks as follows:

Algorithm 3 and Algorithm 4 provide the algorithm for computing
upper bound for chilg of agenti, using the equations descirbed

i— an—1 _am—1 =1 n—1_n—1n
IF le B, " =f]" " +max Z p?l p?Q py o)

i+ an—1 _an—1 sn—1.n—1 n—1.n
IF le B9, =7 + max Dy, P, Pu Y
n

apy,ag,
S
1

In Figure 3(a), a T=1 abstract policy that performs “East” action,
represents a group of T=2 policies, that perform “East” in the first
time step.

For HBA, there are two parts to heuristic computation:
(a) Computing the upper bound for the horizon of the abstract pol-
icy. This is same as the heuristic computation defined by the GET-
HEURISTIC() algorithm for SPIDER, however with a shorter time
horizon (horizon of the abstract policy).
(b) Computing the maximum possible reward that can be accumu-

above. While Algorithm 4 computes the upper bound on a link lated in one time step (using GET-ABS-HEURISTIC()) and mul-
given the starting state, Algorithm 3 sums the upper bound values tiplying it by the number of time steps to time horizon. This max-
computed over each of the links i~ U E**.

4.3 Abstraction

Algorithm 5 SPIDER-ABSi, 7'~ , threshold)

1. 7t — null
2: II; — GET-POLICIES(<>, 1)
3: if IS-LEAF(j) then

imum possible reward (for one time step) is obtained by iterating
through all the actions of all the agentshiee(i) and computing

the maximum joint reward for any joint action.

Sum of (a) and (b) is the heuristic value for a HBA abstract policy.
2. Node Based Abstraction (NBA)Here an abstract policy is ob-
tained by not associating actions to certain nodes of the policy tree.
Unlike in HBA, this implies multiple levels of abstraction. This is
illustrated in Figure 3(b), where there are T=2 policies that do not

4: forall m; € II; do _ have an action for observation ‘TP’. These incomplete T=2 poli-
5 absHeuristic — GET-ABS-HEURISTIC(m;, 7' ™) cies are abstractions for T=2 complete policies. Increased levels of
6: absHeuristic < (timeHorizon — m;.horizon) abstraction leads to faster computation of a complete joint policy,
72 ifmi.horizon = timeHorizon andm;.absNodes = 0 then 7"°°** and also to shorter heuristic computation and exploration,
8: vlms, 7°7] < JOINT-REWARD fry, 7°) pruning phases. For NBA, the heuristic computation is similar to
: if v[m;, 7] > threshold then . . : :
10 aH* s threshold — vjms, T that 01_‘ a normal po_llcy, except in cases where there is no action
11: else ifv[m;, 71~] + absHeuristic > threshold then associated with policy nodes. In such cases, the immediate reward
12: [1; « EXTEND-POLICY (r;, m;.absNodes + 1) is taken asRTnaz (maximum rewarq for any qction). .
13: 11, & INSERT-SORTED-POLICIESI{;) - We combmg both the abstraction tec_hnlques m(_antloned above
14: REMOVE(r;) into one technique, SPIDER-ABS. Algorithm 5 provides the algo-
15: else rithm for this abstraction technique. For computing optimal joint
16: children «— CHILDREN (4) . policy with SPIDER-ABS, a non-leaf ageninitially examines all
170 1I; — UPPER-BOUND-SORT, II;, 7' ~) abstract T=1 policies (line 2) and sorts them based on abstract pol-
%g; forﬁﬂzfrni do icy heuristic computations (line 17). The abstraction horizon is
20- absHeurzistic — GET-ABS-HEURISTIC(m;, 7~ ) gradually increased and these abstract policies are then explored
21 bsHeuristic & (ti N o in descending order of heuristic values and ones that have heuristic
: absHeuristic < (timeHorizon — m;.horizon) . .
22. if 7;.horizon = timeHorizon andr;.absNodes = 0 then yalues less than thtaresholdare pru_ng_d (I|ne§ 23-24Expl_orat|on _
23: if 9[m;, 7] < threshold andm;.absNodes = 0 then in SPIDER-ABS has the same definition as in SPIDER if the policy
24: Goto line 19 being explored has a horizon of policy computation which is equal
25: forall j € children do _ to the actual time horizon and if all the nodes of the policy have an
26: jThres — threshold — v[m;, 7'~ ]— . action associated with them (lines 25-30). However, if those condi-
) . Ekeﬂhi%dfe"«kﬁﬂ;”k[”i’ ] tions are not met, then it is substituted by a group of policies that it
%: e iplDERZZTi | ==, jThres) . represents (using EXTEND-POLICY () function) (lines 31-32).
: R — 7 || @I H* b5(m, m ] — oI T || 7] L . o
20 if o7+, 7i—] > threshold then _ _EXTEND-POLICY() function is also r_esponsuble for initial-
30: threshold «— v[Fit, = ; mit* — Fit izing the horizon and absNodes of a policy. ab'sNodes rep-
31: else ifo[rit, 77~ + absHeuristic > threshold then resents the number of nodes at the last level in the policy tree,
32: Ti; «— EXTEND-POLICY (r;, m;.absNodes + 1) that do not have an action assigned to themm;ltibs Nodes =
33: 1, & INSERT-SORTED-POLICIESI,) |Q;|™i-horizen=1 (je. total number of policy nodes possible at
34: REMOVE(r;) m;.horizon) , thenm;.absNodes is set to zero ang;.horizon is
35: return wito* increased by 1. Otherwise;.absNodes is increased by 1. Thus,

this function combines both HBA and NBA by using the policy

variableshorizon andabs N odes. Before substituting the abstract
policy with a group of policies, those policies are sorted based on
heuristic values (line 33). Similar type of abstraction based best
response computation is adopted at leaf agents (lines 3-14).

In SPIDER, the exploration/pruning phase can only begin after
the heuristic (or upper bound) computation and sorting for the poli-
cies has ended. We provide an approach to possibly circumvent the
exploration of a group of policies based on heuristic computation
for one abstract policy, thus leading to an improvement in runtime . .
performance (without loss in solution quality). The important steps 4.4 Value Appr0X|mat|0n (VAX)
in this technique are defining the abstract policy and how heuristic  In this section, we present an approximate enhancement to SPI-
values are computated for the abstract policies. In this paper, we DER called VAX. The input to this technigue is an approximation
propose two types of abstraction: parametek, which determines the difference from the optimal so-
1. Horizon Based Abstraction (HBA). Here, the abstract policyis  lution quality. This approximation parameter is used at each agent
defined as a shorter horizon policy. It represents a group of longer for pruning out joint policies. The pruning mechanism in SPIDER
horizon policies that have the same actions as the abstract policyand SPIDER-Abs dictates that a joint policy be pruned only if the
for times less than or equal to the horizon of the abstract policy. threshold is exactly greater than the heuristic value. However, the



Horizon Based Abstraction Node Based Abstraction

@ Abstraction @ Abstraction
Level 1 Level 1

Abstraction

Policies Level 2

S G Gesd  Compiete
TA Jp e TA, Ip

'TA - Target Absent
TP - Target Present
East - Scan east
\West - Scan west
Off - Switch off

Complete
Policies

Figure 3: Example of abstraction for (a) HBA (Horizon Based Abstraction) and (b) NBA (Node Based Abstraction)

idea in this technique is to prune out joint a policy if the following  We now have to prove that the proposition holdstfet n — 1.

condition is satisfiedthreshold + ¢ > o[z, 7*~]. Apart from the We show the proof fol € E'~ and similar reasoning can be

pruning condition, VAX is the same as SPIDER/SPIDER-ABS. adopted to prove fot € E*". The heuristic value function for
In the example of Figure 2, if the heuristic value for the second [ € E*~ is provided by the following equation:

joint policy (or second search tree node) in level 2 were 238 instead

of 232, then that policy could not be be pruned using SPIDER or ot = 4 max > 13?17113?;11)1171@7

SPIDER-Abs. However, in VAX with an approximation parameter 2, 7

of 5, the joint policy in consideration would also be pruned. This is

because ththreshold(234) at that juncture plus the approximation  Rewriting the RHS and using Eqn 2 (in Section 4.2)

parameter (5), i.e. 239 would have been greater than the heuristic

0y

value for that joint policy (238). It can be noted from the example =77~ 4 max Z Pl )t e
(just discussed) that this kind gfuning can lead to feweexplo- R v
rations and hence lead to an improvement in the overall run-time ) ! . )
performance. However, this can entail a sacrifice in the quality of ="+ Pﬁ_lpzlf rglaXﬁl"; o)
the solution because this technique can prune out a candidate opti- wp 5] 2
mal solution. A bound on the error introduced by this approximate
algorithm as a function of, is provided by Proposition 3. Sincemaxa,, p 1o > D, op Bl o andp? ! = o7 g
4.5 Percentage ApproXimation (PAX)
. . . . ~n—1 n—1,n—1 N—1an

In this section, we present the second approximation enhance- e Z Py P ZP/Q o

ment over SPIDER called PAX. Input to this technique is a pa- wil s @iz

rameter, that represents the minimum percentage of the optimal

solution quality that is desired. Output of this technique is a policy Sinced;” > v (from the assumption)

with an expected value that is at lea8b of the optimal solution

quality. A pollcéy Js erurfd |f_the_ following condmc_)n is satisfied: 272{7—1 i Z pzflplnl—l Zpln;lvln

threshold > 155 0[m", 7" ]. Like in VAX, the only difference be- s

tween PAX and SPIDER/SPIDER-ABS is this pruning condition. !
Again in Figure 2, if the heuristic value for the second search

tree node in level 2 were 238 instead of 232, then PAX with an in-

put parameter of 98% would be able to prune that search tree node

,S) Wig

Since ' > 771~ (by definition)

(since2% «238 < 234). This type of pruning leads to fewer explo- D D e W
rations and hence an improvement in run-time performance, while wil sy “iz
potentially leading to a loss in quality of the solution. Proposition 4 _ -1 n—1.n-1_n—1n _ n—1
provides the bound on quality loss. " Jr( nz:n)p“ Po, P, tr =
w8

4.6 Theoretical Results Thus provedm

PROPOSITION 1. Heuristic provided using the centralized MDP PROPOSITION 2. SPIDER provides an optimal solution.
heuristic is admissible. Proof. SPIDER examines all possible joint policies given the

_ Proof. For the value provided by the heuristic to be admissible, jyteraction structure of the agents. The only exception being when
it should be an over estimate of the expected value for a joint policy. 4 joint policy isprunedbased on the heuristic value. Thus, as long

Thus, we need to show that: Fbe £ U E'": 4] > vj (refer to as a candidate optimal policy is not pruned, SPIDER will return an

notation in Section 4.2) ) _ optimal policy. As proved in Proposition 1, the expected value for
We use mathematical induction oo prove this. ajoint policy is always an upper bound. Hence when a joint policy

Base caset = T — 1. lrrespective of whether € £°~ orl € is pruned, it cannot be an optimal solution.

E**, # is computed by maximizing over all actions of the agents

in Tree(i), while r{ is computed for fixed policies of the same PROPOSITION 3. Error bound on the solution quality for VAX

agents. Hence} > r! and alsab! > vf. (implemented over SPIDER-ABS) with an approximation parame-

Assumption Proposition holds fot = n, wherel <n < T — 1. ter of ¢ is pe, wherep is the number of leaf nodes in the DFS tree.



Proof. We prove this proposition using mathematical induction sensor network configuration used, while Y-axis indicates the run-
on thedepth of the DFS tree. time (on alog-scalg. The time horizon of policy computation was
Base case depth= 1 (i.e. one node). Best response is com- 3. For each configuration (3-chain, 4-chain, 4-star and 5-star), there
puted by iterating through all policie$l. A policy,r. is pruned are five bars indicating the time taken by GOA, SPIDER, SPIDER-
if o[z, 7""] < threshold 4+ e. Thus the best response policy ~Abs, PAX and VAX. GOA did not terminate within the time limit
computed by VAX would be at mostaway from the optimal best ~ for 4-star and 5-star configurations. SPIDER-Abs dominated the

response. Hence the proposition holds for the base case. SPIDER and GOA for all the configurations. For instance, in the 3-
Assumption Proposition holds fod, wherel < depth< d. chain configuration, SPIDER-ABS provides 230-fold speedup over
We now have to prove that the proposition holdsdor 1. GOA and 2-fold speedup over SPIDER and for the 4-chain config-

Without loss of generality, lets assume that the root node of this uration it provides 58-fold speedup over GOA and 2-fold speedup
tree hask children. Each of this children is of depthd, and hence over SPIDER. The two approximation approaches, VAX and PAX

from the assumption, the error introducedith child ispx e, where provided further improvement in performance over SPIDER-Abs.
pr 1S the number of leaf nodes ftth child of the root. Therefore, For instance, in the 5-star configuration VAX provides a 15-fold
p = >, Pk, Wherep is the number of leaf nodes in the tree. speedup and PAX provides a 8-fold speedup over SPIDER-Abs.
In SPIDER-ABS,threshold at the root agentthresspidzer = Figures 5(b) provides a comparison of the solution quality ob-
>k v[r**, 7%~]. However, with VAX thethreshold at the root tained using the different algorithms for the problems tested in Fig-
agent will be (in the worst casefyreshvas = Y, U[W’Cﬂ ﬂk—} — ure 5(a). X-axis denotes the sensor network configuration while
> . pre. Hence, with VAX a joint policy is pruned at the root Y-axis indicates the solution quality. Since GOA, SPIDER, and
agent ifo[mroot, % 7] < threshyas + € = O[root, T %] < SPIDER-Abs are all global optimal algorithms, the solution qual-
threshspider — (34 pr) — 1)e < threshspider — (34, pr)e < ity is the same for all those algorithms. For 5-P configuration,
threshspider — pe. Hence provedll the global optimal algorithms did not terminate within the limit of

10000 seconds, so the bar for optimal quality indicates an upper
bound on the optimal solution quality. With both the approxima-
whereu[r™*++*] denotes the optimal solution quali tions, we obtained a solution quality that was close to the optimal

ProoT[. We prove this proposiri)ion using mathqemat¥éal induction Solution quality. In 3-chain and 4_-star configurations, it is remark-
on thedepth of the DFS tree. gble that both PAX gnd VAX o_btalned alm_ost the same gctual qual-
ity as the global optimal algorithms, despite the approximation pa-
rameter andd. For other configurations as well, the loss in quality
was less than 20% of the optimal solution quality.

Figure 5(c) provides the time to solution with PAX (for vary-
ing epsilons). X-axis denotes the approximation paramétgmer-
centage to optimal) used, while Y-axis denotes the time taken to
compute the solution (on g-scalg. The time horizon for all
the configurations was 4. Aswas decreased from 70 to 30, the
time to solution decreased drastically. For instance, in the 3-chain
case there was a total speedup of 170-fold whe thias changed
from 70 to 30. Interestingly, even with a lofvof 30%, the actual
solution quality remained equal to the one obtained at 70%.

Figure 5(d) provides the time to solution for all the configura-
oot s P ) oot tions with VAX (for varying epsilons). X-axis denotes the approx-
100 0[Troot, ] <2k mooolm™ " m T = Olmroor, ] < imation parameter used, while Y-axis denotes the time taken to
>, v[x* T, 7%~ Since the pruning condition at the root agentin  compute the solution (onlag-scalg. The time horizon for all the
PAX is the same as the one in SPIDER-ABS, there is no error in- configurations was 4. Aswas increased, the time to solution de-
troduced at the root agent and all the error is introduced in the chil- creased drastically. For instance, in the 4-star case there was a total
dren. Thus, overall solution quality is at Iea[%% of the optimal speedup of 73-fold when thawas changed from 60 to 140. Again,

PROPOSITION 4. For PAX (implemented over SPIDER-ABS) with
an input parameter of, the solution quality is at Ieaqlg—ov[w""’““*},

Base case depth= 1 (i.e. one node). Best response is com-
puted by iterating through all policie$l,. A policy,r. is pruned

if 2-0[me, 7] < threshold. Thus the best response policy

computed by PAX would be at Iea%‘}0 times the optimal best
response. Hence the proposition holds for the base case.
Assumption Proposition holds fod, wherel < depth< d.
We now have to prove that the proposition holdsdor 1.

Without loss of generality, lets assume that the root node of
this tree hasg: children. Each of this children is of depth d,
and hence from the assumption, the solution quality in /tie
child is at least2-v[x"** 7*~] for PAX. With SPIDER-ABS,

100
a joint policy is pruned at the root agentifm, oo, 77 °'7] <
S o[ %], However with PAX, a joint policy is pruned if
[

solution. Hence provell the actual solution quality did not change with varying epsilon.

5. EXPERIMENTAL RESULTS ReoRe® Qo
All our experiments were conducted on the sensor network do- 3-Chain

main from Section 2. The five network configurations employed

are shown in Figure 4. Algorithms that we experimented with ®®

are GOA, SPIDER, SPIDER-ABS, PAX and VAX. We compare R &> R e R @)

against GOA because it is the only global optimal algorithm that 4Chain P
considers more than two agents. We performed two sets of ex- ®
periments: (i) firstly, we compared the run-time performance of the

above algorithms and (ii) secondly, we experimented with PAX and

VAX to study the tradeoff between run-time and solution quality. ®®® ®®®
Experiments were terminated after 10000 secbnds

Figure 5(a) provides run-time comparisons between the optimal
algorithms GOA, SPIDER, SPIDER-Abs and the approximate al-
gorithms, PAX ¢ of 30) and VAX(@ of 80). X-axis denotes the 4-Star 5-Star

!Machine specs for all experiments: Intel Xeon 3.6 GHZ processor, . i i
2GB RAM Figure 4: Sensor network configurations
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Figure 5: Comparison of GOA, SPIDER, SPIDER-Abs and VAX for T = 3 on (a) Runtime and (b) Solution quality; (c) Time to solution for PAX
with varying percentage to optimal for T=4 (d) Time to solution for VAX with varying epsilon for T=4

6. SUMMARY AND RELATED WORK clusions contained in this document are those of the authors, and

This paper presents four algorithms SPIDER, SPIDER-ABS, PAX Should not be interpreted as representing the official policies, either
and VAX that provide a novel combination of features for pol- expressed or implied, of the Defense Advanced Research Projects

icy search in distributed POMDPs: (i) exploiting agent interaction Agency or the U.S. Government.

structure given a network of agents (i.e. easier scale-up to larger

number of agents); (ii) using branch and bound search with an MDP 7.

based heuristic function; (iii) utilizing abstraction to improve run-
time performance without sacrificing solution quality; (iv) provid-
ing a priori percentage bounds on quality of solutions using PAX;
and (v) providing expected value bounds on the quality of solutions
using VAX. These features allow for systematic tradeoff of solution
quality for run-time in networks of agents operating under uncer-
tainty. Experimental results show orders of magnitude improve-
ment in performance over previous global optimal algorithms.
Researchers have typically employed two types of techniques
for solving distributed POMDPs. The first set of techniques com-
pute global optimal solutions. Hansenal. [5] present an algo-
rithm based on dynamic programming and iterated elimination of
dominant policies, that provides optimal solutions for distributed
POMDPs. Szeet al. [13] provide an optimal heuristic search
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