Indexability is Not Enough for Whittle: Improved, Near-Optimal
Algorithms for Restless Bandits

Abheek Ghosh Dheeraj Nagaraj Milind Tambe
University of Oxford Manish Jain Google Research
abheek.ghosh@cs.ox.ac.uk Google Research Harvard University
{dheerajnagaraj,manishjn}@google.com milindtambe@google.com
ABSTRACT arm corresponds to a known Markov decision process (MDP), mak-

We study the problem of planning restless multi-armed bandits
(RMABs) with multiple actions. This is a popular model for multi-
agent systems with applications like multi-channel communica-
tion, monitoring and machine maintenance tasks, and healthcare.
Whittle index policies, which are based on Lagrangian relaxations,
are widely used in these settings due to their simplicity and near-
optimality under certain conditions. In this work, we first show that
Whittle index policies can fail in simple and practically relevant
RMARB settings, even when the RMABs are indexable. We discuss
why the optimality guarantees fail and why asymptotic optimality
may not translate well to practically relevant planning horizons.

We then propose an alternate planning algorithm based on the
mean-field method, which can provably and efficiently obtain near-
optimal policies with a large number of arms, without the stringent
structural assumptions required by the Whittle index policies. This
borrows ideas from existing research with some improvements: our
approach is hyper-parameter free, and we provide an improved non-
asymptotic analysis which has: (a) no requirement for exogenous
hyper-parameters and tighter polynomial dependence on known
problem parameters; (b) high probability bounds which show that
the reward of the policy is reliable; and (c) matching sub-optimality
lower bounds for this algorithm with respect to the number of arms,
thus demonstrating the tightness of our bounds. Our extensive
experimental analysis shows that the mean-field approach matches
or outperforms other baselines.
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1 INTRODUCTION

Multi-Armed Bandits have been extensively studied [23, 36, 40] and
widely deployed in online decision-making. Restless multi-armed
bandit (RMAB) is a specific instance of this, which deals with opti-
mal allocation of limited resources to multiple agents/arms. Each
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ing this a planning problem for multi-agent reinforcement learning.
While this is computationally hard [31], there are index policy based
approximation algorithms that utilize Lagrangian relaxations of the
associated integer programming problems. These policies, called
the Whittle index policies [43], are simple to implement and are
asymptotically optimal under certain structural assumptions on the
MDPs. RMABs have been applied across a multitude of domains like
multi-channel communication [3, 17, 30, 37, 50], monitoring and ma-
chine maintenance [46], security [33], and healthcare [5, 24, 27, 34],
including deployments in the field [28].

However, these index policies require assumptions like homo-
geneity, indexability, irreducibility, infinite-horizon average reward,
and global attractor properties of certain McKean-Vlasov type
flows [17, 40] associated with the Lagrange relaxations to have
asymptotic optimality guarantees. These properties can be hard to
even verify and practitioners often apply Whittle index policies for
their applications without verification. The general argument for
doing so, in the words of [40], is: ... the evidence so far is that coun-
terexamples to the conjecture (asymptotic optimality of Whittle index
policy) are rare and that the degree of sub-optimality is very small. In
this work, our first contribution is to show that these assumptions
cannot be taken for granted even in natural, practically relevant
situations by constructing two-action RMABs where Whittle index
based policies perform sub-optimally by a large margin.

The most emphasized property required for using the Whittle
index policy is indexability. Even Whittle’s seminal paper [43] that
introduced RMABs and proposed the Whittle index policy defined
the policy only for indexable RMABs. [40], among others, show
that without indexability, Whittle index policy can be sub-optimal.
However, all our examples are of indexable RMABs. Therefore,
our work further shows that even with indexability, Whittle index
policy can be arbitrarily bad compared to the optimal policy for
some natural examples. For these examples, even intuitively, the
Whittle index policy seems sub-optimal. The examples we provide
are well-motivated and are inspired from practical applications of
RMARBEs, e.g. [21, 28].

Our second contribution is to propose the mean-field planning
algorithm (MFP) that works provably, reliably, and efficiently with
minimal assumptions in settings with a large number of agents
N. MFP is based on mean-field limits, and considers a continuum
limit of a system with a large number of similarly behaving agents.
This allows us to remove the combinatorial complexity and obtain
analytically tractable objects like differential/difference equations
(called the McKean-Vlasov type equations [17, 40]), albeit with a
small approximation error. Our method first maps the problem for
any finite N to a continuum limit, where linear programming based
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methods can be efficiently deployed to solve the problem. Then,
it maps the solution of the continuum limit back to the finite N
system to provide us with an approximately optimal solution.

Our third contribution is to provide a tight, non-asymptotic con-
vergence of MFP to the optimal policy as a function of N. In contrast
to Whittle index policies, MFP works without any of the restrictive
structural assumptions on the MDPs themselves. Our algorithmic
approach is similar to the algorithm proposed by [47], and our
analysis shares similarities with the analysis in [38]. However, our
approach does not require precision hyper-parameter tuning of
those two approaches and hence is more generic. Our theoretical
analysis improves upon the ones in prior works by polynomial
factors of problem dependent parameters.

Our final contribution is to provide an experimental evaluation
of MFP in different settings, especially ones of practical importance.
Our approach performs as well as or outperforms state-of-the-art
index based policies consistently in all the experiments with a large
number of agents.

2 RELATED WORK

Mean-Field Limits: Mean field limits are extensively studied
in statistical physics and probability theory [7, 19, 29, 41], game
theory [10, 15], networks and control theory [8, 9, 11-13, 25, 45],
and reinforcement learning [1, 26, 39, 44] in order to understand the
behavior of stochastic dynamical systems with multiple interacting
particles or agents. Works like [7, 13, 22] consider convergence of
multi-agent continuous time control systems to McKean-Vlasov
equations under general conditions.

Restless Bandits and Approximation Limits: [32] shows that
obtaining the exact solution to the RMAB planning problem is
PSPACE-hard. This led to research on approximation algorithms
for the optimal policy whenever the number of arms N is large. For
the case of two action RMABSs, the practically effective “‘Whittle
index’ policy was proposed in [43], and was shown to be asymp-
totically optimal under certain structural assumptions in [40]. [4]
extends this Lagrangian relaxation based approach to a hierarchy
of relaxations culminating in the exact solution. Recent works have
also extended Langrangian relaxations to consider more complex
MDPs with multiple actions [14, 17, 20, 21]. In the two-action case,
[38] extends the Whittle index to the non-indexable setting, but
with other structural assumptions. [6, 18] consider Lagrangian re-
laxations for finite horizon two-action MDPs. While these policies
do not require indexability, the guarantees in [6, 18] suffer from
an exponential dependence on the horizon. In contrast, [48, 49]
consider fluid balance policies where the relaxation allows the re-
source constraint to hold in expectation, but this does not allow for
multiple actions.

Our main algorithm MFP is based on the algorithm proposed
in [47] which does not require indexability or any other structural
assumptions on the MDP. The method in [47] requires additional
hyper-parameters to be carefully set in order to ensure that the con-
straints are satisfied and the relaxation is near-optimal as N — oo
with an error of O(VN). We modify the sub-routine that trans-
lates the solution to the mean-field LP to a policy for the RMAB,
and obtain the following four improvements: (i) Our method is
hyper-parameter free, which is very attractive to the practitioner.

(ii) Suppose all arms are not identical, but there are K clusters of
arms each associated with a different MDP with |S| states. Our
error bounds scale as /K|S|N whereas the results in [47] scale as
VK*|S[*N. Consequently, when K|S| scales as o(VN) N w(N/?),
our bounds still ensure asymptotically optimal policy unlike the
prior work.! (iii) We obtain high probability confidence bounds for
the random discounted reward under the mean-field policy, show-
ing that this policy is at most O(/K|S|N) away from the optimal
expected reward with high probability. (iv) We obtain matching
Q(VN) lower bounds for the sub-optimality, which shows that the
analysis is tight with respect to the number of arms N.

3 NOTATION AND PRELIMINARIES

We begin by describing a (Multi-Action) Restless Multi-Armed Ban-
dit (RMAB) problem. Let T denote the time horizon for planning,
and [1: T] (shorthanded as [T]) denote the set of positive integers
{1,2,...,T}.In an RMAB, each arm i € [N] at time t € [T] corre-
sponds to an MDP (S, A, Ry ;, Pr,;), where S is the set of states, and A
is the set of actions. We use P ;(s’|s, a) to denote arm i’s transition
probability from state s to s’ under action a at time ¢. Similarly, let
Rii:SXA— Rypand Ct; : S X A — Ryg denote the reward and
the cost, respectively, of playing action a for arm i in state s at time
t. Notice that the rewards and transitions can change with time.
We assume that there is an action of cost 0 for each ¢, i, and 5.2

We require that the actions must satisfy the budget constraint:
2ie[N] Cri(stisari) < By € Rxo. A policy 7 = (7¢);¢[1) recom-
mends a joint action (az,i)ie[n] as a function of the joint state
(st.))ie[n] L€, 7 SN — AN for each t € [T]. Note that, the
MDPs of all agents collectively form a single, large MDP with state-
space SV This admits a deterministic optimal policy, which maps
the joint state deterministically to a single joint action (ay;) € AN
(see [35]). Therefore, we will work with deterministic policies only.

The expected discounted starting  from
state s under the policy 7z is defined as V/(s1) =
E [Zthl yil Zie[N] Ry i (st,i m(st)i)|sl] where the next state is
drawn according to s;41,; ~ Py,i(+|ss,i, 7+ (s¢)i) independently for
i € [N] when conditioned on s;. y € [0,1] is the discount factor,
the actions are selected according to the policy 7, and 7;(s;); is
the i-th component of 7;(s;). The planner’s goal is to maximize
the total expected reward.

reward

3.1 RMABs with Clusters

While known theoretical bounds require homogeneity of the arms
(i-e, the associated MDPs are identical), different arms behave differ-
ently in practically relevant settings. For example, different patients
might have different reactions to the same treatment, as observed in
healthcare applications [27, 28]. A clustering approach, where arms
are grouped into clusters is often applied in these scenarios [28].
Each arm belongs to exactly one cluster, and the MDPs associated
with all arms in a given cluster are identical. This setting allows for
certain aspects of the model to scale with the number of clusters and

! Assuming that the optimal expected reward is © (N'), which is usually the case.
This is without loss of generality for ¢ and i: all the costs and budget can always be
reduced by the minimum positive cost to get a zero cost action. While this condition is
with loss of generality for s, it is not limiting in practice given most RMAB applications
have a default zero cost action.



not the arms, and the model itself can be learned in a statistically
efficient way from data (e.g. using collaborative filtering) without
playing each arm individually multiple times.

We shall use the notation based on clusters throughout the pa-
per, and we describe this notation in Table 1. The state of a clus-
ter can be succinctly described as the vector of counts of arms
in that given cluster and a given state, due to the homogeneity
of arms (i.e, arms in a given state and a given cluster are follow-
ing identical MDPs and are indistinguishable from each other in
terms of reward maximization). Thus, we represent the state of
the cluster as j1; = (1; ;(5))ie[K],ses> and the action at time ¢ as
ar = (@1,i(s,a))ie[K],ses,aca- A few identities are a direct conse-
quence of our definitions:

D i(s) = Ni, > @rils,a) =i (s), Vie [K],t e [Tls€s.

seS acA
As an illustrative example, suppose that there are four states S =
{s1, 52, 53, s4} and three actions A = {ay, az, as}. Say, cluster i has
100 arms, and at time ¢, the states s1, s2, and s3 have 30 arms each and
10 arms are in the fourth state s4. Then, the succinctly represented
state of cluster i is 1, ; = (30,30, 30, 10), where i, ;(s1) = ji; ;(s2) =
Ty ;(s3) = 30 and i, ;(s4) = 10. Similarly, for the 30 arms in cluster
i and state sq, if we take action aq for 15 arms, ap for 10 arms, and
as for the remaining 5 arms, then a;;(s1,-) = (15, 10, 5).

Symbol Meaning

S State space, subscripted as s

A Action space, subscripted as a

T Time horizon for the RMAB, subscripted as ¢

K Number of clusters, subscripted as i

P;i(s’|s,a) | Transition probability from s to s, given a at time
t for an agent in cluster i fora € A,s,s" € S

Ry i(s,a) Reward in state s for playing action a for an agent
in cluster i at time t fora € A,s € S

Ct,i(s,a) Cost in state s for playing action a for an agent in
cluster i at time t fora€ A,s €S

N; Number of arms in cluster i, where all the N; add
up to N arms

Hyi(s) Number of arms in cluster i in state s at time ¢

ai(s,a) Number of times the action a is applied to the set
of arms in the state s and cluster i in time ¢

Y Discount factor, y € [0, 1]

Table 1: Notation based on clustered RMABs.

4 FAILURE EXAMPLES FOR INDEX POLICIES

We now provide natural examples motivated by applications in mo-
bile health care [2, 16, 42] where the Whittle index policy performs
much worse than the optimal policy (and the policy found by the
mean-field method). In these domains, healthcare workers reach out
to patients through mobile apps or phone calls to get them to adhere
to treatment regimens. Here, the patients are modeled as arms, with
their adherence with the mobile health program being represented
as an MDP [21, 28]. The action space of the healthcare workers
are the different modes of communication (including no outreach).
The number of healthcare workers (resource) is limited and not

all beneficiaries can be regularly contacted by them. Patients with
similar MDPs are grouped together in clusters, similar to clustered
RMABs we described in Section 3.1. We now describe three spe-
cific RMAB examples inspired from this domain, and compute the
Whittle indices for them.

Example 1. In this example (see Figure 1), the healthcare workers
make one of two actions per patient—call or no call. A patient either
decides to continue to engage with the program, or not participate
further (e.g. delete the application from the mobile device, or block
the incoming call number). Here, we model two types of patients:
(a) greedy: a patient that engages with the program in the first
time step but does not continue in the program even after repeated
attempts of healthcare workers; (b) reliable: a patient who is careful
to engage in the beginning but will remain in the program for long
periods if contacted by healthcare workers consistently. The RMAB
model for this scenario has two types of arms corresponding to
the reliable and greedy types of patients, three states per arm (start,
engaged, and dropout), and two actions (active, or call and passive,
or no call).

Beneficiary 1: Reliable Beneficiary 2: Greedy

START
(reward =0) [ "~.

ENGAGED .-
reward = 1-¢),

Figure 1: Example 1 - Whittle index policy is sub-optimal.
(Solid arrows: active actions; dotted arrows: passive actions.)

START
(reward = 0)

DROPOUT |
(reward = Q)

DROPOUT

(reward = 0)

7 encaceD
(reward = 1)

The behavior of the arms for each type of patient is graphically
shown in Figure 1. The solid lines are transitions for the active
action (a = 1), and the dotted lines are for the passive action (a = 0).
The nodes represent the 3 states of start ss, engaged s, and dropout
sg for the patients. For the patient of the reliable type, the engaged
state gives a reward of 1 — € and all other states give a 0 reward. For
the patient of the greedy type, the engaged state gives a reward of
1 and all other states give a 0 reward. The transition probabilities
for all transitions for both patient types are given in Table 2. The
parameters for reliable arms are denoted by superscript of r and
greedy by g. We initialize the RMAB to have n arms of each type
(i.e. total arms N = 2n), as well as the budget B = n = N/2 for every
time step. All agents start at their respective s state.

Reliable Arm
P (selss,a=1)=1 | PI(selss,a=1)=1
P (selse;a=1)=1 | PI(sglse,a=1) =1
Pr(sqlsgpa=1)=1 | PI(sqlsgoa=1)=1
P(sgls,a=0) =1Vs € {s5,Se, 54}
All other transition probabilities are 0.

Greedy Arm

Active Action

Passive Action

Table 2: Transition Probabilities for Example 1

The key behavior is that a reliable patient moves to the state sy
only after a passive action, whereas a greedy patient moves to sy



latest by the second time step regardless of the actions. Also, once
in s4, an agent stays there forever. So, the greedy arms give rewards
for only one time-step, while the reliable arms give rewards for
forever if we keep on allocating resources to them. If the discount
factor y is not too small, we can intuit that a good policy should
allocate resources to the reliable arms. The theorem below shows
that the Whittle index does not follow this observation and hence is
sub-optimal. We refer to the full version of the paper for its proof.

THEOREM 1. The instance described in Example 1 is indexable. The
ratio of optimal reward and the Whittle index policy reward is at least
%:—;, which goestoco asy — 1 forany0 <e <1land0 <y <1.

Note that the result in Theorem 1 holds for any n > 1 (and hence
n — o), thus making the Whittle index policy asymptotically sub-
optimal. Example 1 is indexable (Theorem 1) but not homogeneous
(i.e, different arms behave differently with respect to the same
action). While homogeneity is one of the conditions required by [40]
for the optimality of the Whittle index policy, lack of homogeneity is
not the reason why the Whittle index policy is sub-optimal here. We
show this by transforming this example into a homogenous RMAB
by combining the reliable and greedy MDPs into a single MDP.

Example 2. As shown in Figure 2, consider only one type of
arm with five states: reliable-start, reliable-engaged, greedy-start,
greedy-engaged, and dropout, which are equivalent to the states in
Example 1. That is, reliable-start state behaves like the start state
of the reliable arm, and so on. Similarly, as in Example 1, we define
there to be 2n arms (n in each of reliable-start and greedy-start) and
a budget of n.3

RELIABLE-
START |,
(reward = 0)

GREEDY-
START
_-A(reward = 0)

DROPOUT
(reward = 0)

-/ GREEDY-
ENGAGED
(reward = 1)

RELIABLE-Y .-
ENGAGED |}~
reward = 1-¢

Figure 2: Example 2 - Whittle index policy is sub-optimal.
(Solid arrows: active actions; dotted arrows: passive actions.)

As in Example 1, the Whittle index policy prefers the arms in
the greedy-start state compared to the arms in the reliable-start
state. The analysis and the results are exactly the same as for Theo-
rem 1: Example 2 is indexable and the Whittle index policy can be
arbitrarily worse compared to the optimal policy as y — 1.

Both these examples show that the Whittle index is sub-optimal
for indexable and homogeneous RMABs even as N — co. Thus,
the natural question is: what about the asymptotic optimality proof
0f [40]? In addition to these conditions, [40] requires that an RMAB
satisfy certain ‘irreducibility’ and ‘global attractor’ properties, and
proves the optimality of Whittle index for the infinite horizon
3We can also modify this MDP so that every arm starts at the same initial state by
adding a dummy start state while maintaining indexability and homogeneity. This
dummy state transitions to either reliable-start or greedy-start state with probability

0.5 irrespective of the action played. After one time step, this ensures a similar initial
condition as described in Example 2 for large N.

average reward. However, these conditions often go unverified by
designers who implement such policies.

We now further modify Example 2 to make it irreducible? for
every possible single-MDP policy (in addition to homogeneity and
indexability). These properties, together with the global attractor
property, guarantee that a Whittle index based policy is optimal
for the infinite horizon average reward problem. However, most
environments of practical interest are either finite time horizon
or use discounted infinite horizon reward. We show in Example 3
that Whittle index based policies can be sub-optimal in such prac-
tical applications, and should be used after careful analysis and
experimentation.

Example 3. In this example, we consider the same state and re-
wards as in Example 2, but modify the transition probabilities to
ensure irreducibility with respect to any policy. This was not the
case previously since, for example, an arm could never transition
from s? to s. Consider the following transition probabilities:
P(sgs,0,8g¢) = 11s = 1 = P(sg4s,0,54),

P(srs, 0, 5re) =ns =1 = P(srs,0,59),

P(sre,1,83) =1y =1 — P(Sre, 0, Sre),

P(sg, ',Sgs) = P(sg,Srs) =g = (1= P(sq,54))/2,

where s  is the dropout state, sJ is greedy-start state and so on. 7,
1r, and ng are positive constants, and are called ergodicity parame-
ters. We set s = 0.05, n, = 0.1, 74 = 0.1, and € = 0.01.

We prove the indexability of Example 3 graphically (see full
version of the paper) by plotting the difference in q-values of active
and passive actions as we increase the subsidy for the passive
action. Note that the MDP satisfies indexabilitiy since this plot has
a negative slope and crosses the x-axis for each state at a unique
point, and that the index (x-intercept) of the greedy-start state (s?)
is more than the reliable-start (s} ) state. While we do this for infinite
horizon average reward, the same applies for discounted reward
and finite horizon reward as well.

In Table 3, we show that the Whittle index is sub-optimal for
either discounted reward or finite horizon for Example 3. The lower
bound for the optimal reward is given by the index policy that
always prefers s to sJ. The difference is also more significant if the
ergodicity parameters are made smaller, e.g., if we set ns = n, =
nq = 0.01, then even with y = 0.95, Whittle policy gets a discounted
reward of 3.04 compared to at least 9.32 for the optimal policy.

Setting Whittle | Optimal
discounted, y = 0.95 7.33 > 8.65
discounted, y = 0.8 1.17 > 1.86

finite horizon, T = 20 7.41 >9.11

Table 3: Estimated rewards for Example 3.

For Example 3, the Whittle index policy is sub-optimal for fi-
nite time or discounted reward because the mixing time (time it
takes to approximately reach the stationary distribution) is large in
comparison to the (effective) planning horizon T or ﬁ. Whittle
needs the system to be close to the stationary distribution to start

4A Markov chain is irreducible if there is a non-zero probability to go from any state
to any other state after sufficiently many steps.



acting near-optimally. As the MDP in Example 3 is irreducible for
every policy, the mixing time is finite, which ensures optimality
of Whittle for non-discounted infinite time reward (given other
optimality conditions of [40] are also satisfied). In the full version of
the paper, we show that Whittle’s reward goes towards optimality
if we either increase the effective horizon or decrease the mixing
time for Example 3.

We have not explicitly tested for the global attractor property
in our examples, which states that the McKean-Vlasov differential
equation which gives the time evolution of the empirical distri-
bution of the states as N — oo under the Whittle index policy
converges to a unique fixed point, for every initial condition [40].
However, verifying this property is hard in general. In our numeri-
cal experiments, the system always converged to the fixed point,
which makes us believe that our example satisfies the global at-
tractor property. This further motivates the need for an algorithm
whose guarantees does not require these multiple pre-conditions.

5 THE MEAN-FIELD METHOD

We now propose the mean-field planning (MFP) method as an ap-
proximation technique for finding the optimal policy for an RMAB.
The basic idea behind MFP is that when N is large, the space of
empirical distributions of the states can be approximated closely
by the simplex A(S) (up to a quantization error of O(1/N)). When
N is large, a ‘law of large numbers’ type effect shows that the
evolution of the empirical measure due to a fixed policy is almost
deterministic. Indeed, in MFP, we use this property to approximate
the stochastic process of each cluster’s state 1, = (11, ;(5))ie[K],ses
by a deterministic process denoted by 1, = (1 ;(5))ie[K],ses-

We define the mean-field MDP corresponding to the RMAB
instance under consideration below and construct a linear program
which solves the mean-field MDP exactly. Our MFP algorithm,
described in Section 5.3, solves this linear program at each time
instant and quantizes the optimal solution in order to compute a
feasible action for the RMAB.

5.1 The Mean-Field MDP

Given the state of the RMAB and the action taken at t = 1, i; and
@1 respectively, the state of the RMAB at t = 2 is a random variable
/72 = (ﬁz,i(sl))i,s’ where ﬁz,i(sl) = Zs,a Zle[&lyi(s,a)] ]I{Xg(s,a):s’}’
x¢(s,a) is a random state in S picked based on the distribution
Pyi(:|s,a), and Iy ) denotes the indicator function. MFP approxi-
mates this random variable Ji, by the deterministic 1, = (11 ;(5))is,
where [, ;(s") = B[y ; (s")] = Xses,aea Pri(s'ls, @) @1,i(s,a). Ina
similar fashion, we can approximate the random variable ji, by the
deterministic yi, for each t € [T]. As we shall show later, when-
ever the number of agents is large, the typical value of [z, — i, is
O(VN). Similarly, a mean-field action @; = (@i (s, a))is,q roughly
corresponds to the expected number of arms in cluster i and state s
for which we play the action a at time ¢ and it can be fractional.
As an illustrative example of the mean-field approximation: Sup-
pose there are two states S = {s1, s2} and two actions A = {ay, az}.
Let cluster i have 5 arms, and at t = 1, all the arms in clus-
ter i are in state sp, i.e., ﬁl’i = (5,0). For all 5 arms in cluster i
and state s1, say we play ay, i.e.,, a1,;(s1,-) = (5,0). Let’s assume

P1i(:|s1,a1) = (0.3,0.7), i.e., an agent in cluster i and state s; sub-
jected to action a; moves to state s; w.p. (with probability) 0.3 and
state s w.p. 0.7. The real-life state at t = 2 for cluster i is a ran-
dom variable i, ;, where i, ; = (£,5 = £) W.p. (3) (0.3)£(0.7)>~¢ for
¢ € [0 : 5]. On the other hand, the mean-field method makes a
deterministic approximation of i, ; in the form of the mean-field
state 1ip ; = E[[i, ;] = (1.5,3.5). Notice that i, ; can take fractional
values although i, ; can never be fractional. Similarly, @y ; can also
be fractional, e.g., @2,; (s1,) = (1,0.5) is a valid mean-field action
at time 2 for this example.

Recall the original MDP defined in Section 3. The mean-field
MDP is a deterministic MDP with state space SMF = NA([K]xS) =
{Nx :x € A([K] x S)} and action space AMF c NA([K] x S x A),
with horizon T. Given an action a € A, let P;;(-|-, a) denote the
|S| X |S]| transition matrix for cluster i under action a at time
t. Using Ry i (-, a) and Cy;(-, a) to denote the |S|-dimensional re-
ward and cost vectors, the reward and the cost for playing a; ;
for cluster i at time t can be written as },gc4 @i (, @) TRy (-, a)
and Y ca @1,i (-, a)TCy i (-, a), respectively, where xT7 denotes the
transpose of a vector x. An action «; is feasible at time t if
ie[K] ZacA @i(a)TCri(,a) < By and Ygea @i a) =y ; ()
forevery i € [K].Forall t € [T — 1], we define the mean-field state
evolution of state ji, under any feasible action @; as:

i ()T = Z a1,i(- @) Pri(-|- ).

acA

5.2 The Mean-Field LP

For the mean-field MDP defined above, we can find the optimal
action by solving the following LP. This LP gives a mean-field
action o computed using the real-life state at time ¢ = 1, z;, which
is known.

max >y V(@) TRl ) (1)
ol tia
s.t. Hii = Hip Vi (2)
Feani()T = ) @i, Pi(le),  Vee [T-1LVi  (3)
acA
Z Z ai(@)TCi(a) < By, VYt )
i€e[K]acA
D @iC,a) =Fp (), VL 5)
acA
ati(,a) 20,  Viia (6)

Equation (4) is the budget constraint whereas Equations (5) and (6)
guarantee consistency. This LP is similar to the the LP given in [47]
with the hyperparameters € set to 0. Next, we describe the mean-
field policy computed using this LP - i.e, a policy computed for the
real-world RMAB using the mean-field solution @. Note that this is
different from the randomized policy computation in [47].

5.3 RMAB Policy from the Mean-Field LP

We are given the initial real-life state i;. For t = 1,2,..., T execute
the steps described below:

(1) Solve the above LP with the initial state as i, and the time

horizon as (T — t + 1), corresponding to the MDP considered

from times ¢ to T. Let’s denote the mean-field states and



actions computed by solving the LP as i'*) = (I_ly) )re[t:T]
and (Eit) )re[+:T]> respectively. Notice that given an initial
state at time ¢, ﬁit) = 1.
(2) Play the action (x( )
2ad; ) i (s,a) = yt l) (s) = Iy ;(s). But, some of the a(t)(s a)
values may not be integers. So, we take a floor and play the

. Notice that, by construction,

action a for La i (s, a)| arms in cluster i and state s at time

t. For the remaining arms (in cluster i and state s at time
t), which is equal to ﬁt,i(s) Da L(x(t) (s,a)], play the 0 cost
action. This ensures that the ‘rounded’ action stays within
the budget B;.

(3) After playing the action at time ¢, we get the realization of
the real-life state at time ¢ + 1, 11, 4.

Step 2 introduces a potential rounding error in the algorithm. How-
ever, in our experiments, we observed that the mean-field actions
were generally integral. This is likely because the costs, rewards
and budget in our experiments were all integers, and our optimal
solution of the resulting LP may be an integral extreme point. Since
this might not hold for general RMAB instances, we incorporate
and bound the rounding error in our analysis.

In the algorithm above, we solve the LP for each time step, which
is an accepted deployment paradigm for practitioners because it
allows the algorithm to adjust its policy based on the evolution of
the real-life state. If a designer prefers to solve the LP only once, then
they may use an alternate algorithm we discuss in the full version
of the paper. While this variant may have lower performance in
practice, both the algorithms have similar worst-case error bounds.
We again refer to the full version of the paper for such a worst-case
example.

6 ANALYSIS: NEAR-OPTIMALITY OF MFP

In this section, we prove that the mean-field planning (MFP) method
is close to optimal if the number of arms is large compared to K|S|.
Specifically, we shall show that the reward we get from the real-
life process when we play actions computed using the mean-field
method is close to the expected reward we can get by playing
actions from an optimal real-life policy, with high probability. All
omitted proofs are provided in the full version of the paper.

6.1 Intuition Behind the Proof

Lemma 6 presents a simple relaxation based argument to show
that the optimal reward for the mean-field MDP is always larger
than of the optimal expected reward for the RMAB. Therefore, we
reduce the proof to showing that the state-evolution given by the
application of the mean-field policy to the RMABs (given by 1;)
‘tracks’ the mean-field flow given by Ji,, up-to a small error. That
is, we want to bound || iz, —ﬁ;l) 1.

To this end, we decompose the error produced in each time step
into two types: (1) Rounding Error, and (2) Variance Error. Rounding
error occurs since the actions proposed by the mean-field solution,
given by a( ) , need not be integers. As proposed in the algorithm,
we quantlze these actions so that the budget is not exceeded. We
can show by a simple counting argument that this error is at-most
O(K|S||A]) and independent of N.

The mean-field MDP, computed at time ¢, assumes that p(t)

—=(t)

transitions to fi,,; exactly. However, this is only true in expec-
tation. As we show, the actual empirical state [, is such that

17 = Hpr Il = O(JKISIN) with high probability due to the in-
herent randomness present in the system. We call this the variance
error. By bounding the accumulation of these two kinds of errors,
we show that the mean-field policy applied to the RMAB performs

near optimally.

6.2 Preliminaries
In our analysis, we shall use a version the Azuma-Hoeffding in-
equality for bounds on multinomial distributions.
LEMMA 1. Let Xi,...,X, be independent random wvectors in
{e1,...,ex} (where e; denotes the i-th standard basis vector in RK)
(D) Elll Ziegn)Xi — E[XiDIl1] < Vkn, and
@) Pl Ziern) (X —E[XiDIl1 2 €] <6 forall0 < < 1, where
€= \/2 log(2)kn + 2nlog(1).

To make the analysis concise, let us introduce some additional
notation. Let Ry (yy, &) = Re(ar) = Xj s q Re,i(s, @)y, i (s, a) denote

the total reward at time ¢ for playing an action a;. Let V.7 (u;) be
the optimal objective value of the mean-field LP for time ¢ to T with
. . o o

Hr as the start state at time ¢ (Section 5.3). Similarly, let V. (uz)
denote the real-life reward for using any RMAB policy 7 for time
[t : T] starting with state y;. Note that V;T:T( yr) is random. Let
V() = max, E[V;r:T (p¢)] be the maximum expected reward
achieved by any RMAB policy. We shall also use the notation in-
70 4

troduced in Section 5.3: 77 to denote the mean-field policy; i,

(t), fort € [T], r € [t : T], to denote the states and actions as
computed by the LPs in Section 5.3. Let Rypax = maxy,; s.q Rsi (s, a).

6.3 Analysis

As mentioned in Section 3, an RMAB is a large but finite MDP
and has an optimal deterministic Markov policy. Therefore, we
restrict ourselves to comparing the reward of the mean-field policy
to that of deterministic Markov policies. It can also be observed
from the description of the mean-field policy in Section 5.3 that it is
deterministic and Markov. We shall first focus on the finite horizon
non-discounted reward, where y = 1 and T < oo and later extend
the analysis to infinite horizon discounted rewards.

THEOREM 2. The mean-field policy  has a non-discounted reward
for finite time horizon T that is at most O(RmaxT2~/K|S|N) less than
the expected reward of an optimal policy. In particular,

(1) lower-bound for expected reward: E[f/zT(ﬁl)] > Vi (1) -
2
TRpax (JJKISIN + 5KIS||AI), -
(2) high-probability lower-bound for reward: VTT(I?I) >
~ . 2
Vier () - T (2 log(2)KISIN + 2N log(5)+5K1S] |A]
with probability at least (1 — ) for every0 < § < 1.

Proor. We shall prove our result using a sequence of lemmas
(Lemmas 2 to 6).

First, we prove a Lipschitz condition on the objective value of
the optimal solution of the mean-field LP. In particular, say p and



' are two start states such that the ¢£;-distance between p and p/’ is
small, we shall show the difference between the optimal objective
value computed by the LP given these start states is also small.

LEMMA 2. Let yi; and y; be two arbitrary states at time t with
[lue — p;ll1 = 8. Then the difference in the optimal objective value
of the mean-field LP for time steps t to T starting from yi; and p1; is
bounded by

Ve (pe) = Ver (pp)] < (T = t + 1)Rmax6/2.

In the next lemma, we bound the rounding error introduced in
step (2) of the mean-field policy described in Section 5.3.

Lemma 3. | Vip(Fy) - 2, Re(@,"))|
surely.

< TK|S||A|Rmax almost

Next lemma connects the real-life reward for using the mean-
field policy to the objective value of the mean-field LP at time ¢ = 1.

LEMMA 4. We have the following bound: |Zth(§§t)) -

S - (T=t+4+D)Rmax | 2" =5V 11y
Vir ()l <€ Yrefa1) s . .

Notice that /1( )
—(-1)

policy and 11, is the mean-field estimate of the state at time ¢
as estimated by the mean-field LP at time ¢ — 1. Next two lemmas

g —aI

is the state at time ¢ when playing the mean-field

bound ||z,

LEMMA 5. We have the following bounds on || i, n ﬁﬁt_l) [|1:

@ ENEY -7 1) va|S|N+K|S||A|,

@ P [||u“> BV 2 y2log(2)KISIN + 2N log(1/8) +
K|S||A|] < 6, forevery0 < § < 1.

Next we show that the objective value of the mean-field LP at
time ¢t = 1, Vi,7(J;), upper bounds the expected reward of any
real-life policy.

LEMMA 6. Let 7 denote any arbitrary Markov policy. The expected
reward of this policy is bounded above by the objective value of the
mean-field LP at time t = 1, ie,, E[Vl ()] < VLT(ﬁl), where
1, = [y is an arbitrary start state.

We are now ready to prove our theorem using the lemmas given

above. From Lemma 6, we know that E[VTT )1 < Vir(g)
for every Markov policy 7. So, the optimal expected real-life
reward {\71:7—(;71) = maxj E[\AliT(ﬁl)] < \_/117(;_11). Further, us-
ing Lemma 3 and Lemma 4, we have Vl;r(ﬁl) < \A/;[:T(ﬁl) +
() _ =(t-1)
Yrefpry St maxl e "B 1l 4 7K|S||A|Rmax. Putting to-
gether, the optimal real life reward is bounded above by the re-
ward received by the mean-field policy as follows: Vir (7)) <

ST~ (T—t+1) Rmax | 5 =BV
Vi.r(Hy) + TK(S||A|Rmax + Zte[z:T ZIJ e .

Using Lemma 5, we can lower-bound E[V]r(F;)] as
~T -~ . 2
EVir(@)] = Vir(g) - Thpes5K1s||Al + YKISIN), and
with high probability bound V;IT (1) as P[ V;[T(ﬁl) > Vl:T(,E1) -

IRmax (5K|5]|A| + y21og(2)KISIN + 2N log(T/8))] < 1- 8, for
every 0 <4 < 1. O

The next theorem proves the result for infinite horizon dis-
counted reward. When the time horizon is infinite, we run the
mean-field algorithm for a suitably selected truncated horizon. This
proof is a modification of the proof for Theorem 2.

THEOREM 3. For the infinite horizon RMAB planning problem
with discount factor y < 1, the mean-field policy 7 computed
using a suitably truncated horizon has a reward that is at most
O(Rmax+/K|S|N/(1=y)?) less than the expected reward of an optimal
policy. In particular,

(1) lower-bound for expected reward: Viseo (1) < E[f’lﬁm (up] +
Rmax ((2=y)K|S[|Al+y VKISIN))
2(1-y)?

zon of T > 51%+1

high-probability lower-bound for reward: \71;00(;71) <

T\ Romax((2-y)KIS||Al+y\ZIog(2)KISIN+2ZN log (N/3)
Vieo(H1) + . y;(/lf;,g)z ®

with probability at least (1 — §) for every 0 < § < 1 solved
using a truncated horizon of T > V2N

> 1
\log(2)K|S|+log(1/3)
We complement the error upper bounds of the mean-field algo-

rithm proved in Theorems 2 and 3 with a tight error lower bound
with respect to N.

solved using a truncated hori-

—
S
~

7 EXPERIMENTS

We present results of experiments in two simulation environments
based on real-world use cases of RMABs: (i) maternity health-
care [28], and (ii) tuberculosis healthcare [21].°> Both these experi-
ments show the effectiveness of the MFP algorithm for real-world
settings of practical importance for RMABs.

7.1 Mobile Healthcare for Maternal Health

This experiment is based on the real-world data of the mMitra pro-
gram of the healthcare NGO ARMMAN [2]. Under this program,
healthcare workers at ARMMAN make phone calls to enrollees
(beneficiaries) of the program to increase engagement and deliver
targeted health information. The number of healthcare workers
to make phone calls is substantially lower than the number of en-
rolled beneficiaries, and the healthcare workers have to continually
prioritize which beneficiaries to call. [28] used RMABs to solve this
resource allocation problem, modeling each beneficiary as an MDP
shown in Figure 4. [28] divides the beneficiaries into 40 clusters,
estimates the RMAB parameters (transition probabilities) for each
cluster offline, and then uses these parameters to find a resource
allocation scheme using the Whittle index policy.

The MFP algorithm is particularly suitable for the clustered data
of ARMMAN. We communicated with the authors to run our MFP
algorithm on this ARMMAN dataset and we present those results
in Figure 3a. We compare the performance of the mean-field policy
with the Whittle index policy. We use two versions of the Whittle
index policy: (i) the usual infinite-horizon policy; (ii) finite-horizon
modification of the Whittle index policy, where the infinite horizon
g-values are replaced with finite horizon g-values computed by
back-tracking. The transition probabilities of 96158 arms are esti-
mated from the real historical data collected by ARMMAN using the

5Code: https://github.com/google-research/socialgood/tree/mfp/meanfield.
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Figure 3: Experimental Results
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Figure 4: MDP model for ARMMAN mMitra program
from [28]. NE implies that a beneficiary is not engaged with
the program, whereas E implies engagement; a is the action.

clustering approach of [28]. We use a budget is 1000, i.e. 1000 calls
per week from healthcare workers to beneficiaries. The discount
factor y is set to 0.95. The y-axis in Figure 3a is the improvement in
the average reward of a policy as compared to the random policy,
and the x-axis shows the length of the time horizon. These results
are for 40 clusters and averaged over 40 runs.

Figure 3a shows that mean-field performs better than Whittle
and has an additional average reward of about 200. MFP gives
about 20% higher reward (i.e., number of engaged beneficiaries) per
active action (i.e. phone call) than Whittle. We also observe that
mean-field performs better than Whittle for other cluster sizes. Al-
though the worst case time complexity of the mean-field algorithm
depends upon the complexity of solving LPs (polynomial but not
linear), we see that for our experiments the mean-field algorithm
scaled linearly. This shows that MFP may scale well for real-life
instances. See the full version of the paper for further details about
the experimental environment and additional plots.

7.2 Tuberculosis Healthcare

We test the mean-field algorithm on a rigorous simulation environ-
ment (based on a real-world dataset) developed by [21], motivated
by tuberculosis care in India. In this domain, a single healthcare
worker manages up to 200 patients encouraging them to adhere
to their 6-month TB treatment regimen. Each patient is modeled
as an individual arm, with state being a tuple of (adherence level,
treatment phase, day of treatment). The actions available to the
healthcare worker are (i) do nothing (no cost or impact), (ii) call

(moderate cost and impact), and (iii) visit (high cost and impact).
We refer to [21] for a detailed description of the RMAB.

We simulate this setting for many parameter combinations. The
original simulation framework by [21] did not have any clustering.
We ran the mean-field algorithm as: MF-NC, without any clustering
(K = N); MF-CK, with K clusters K = 20, 50, 100. We compare our
algorithms with the ones in [21]: Hawkins, which is the multi-
action extension of Whittle; VfNc¢, SamLam (called SampleLam
in [21]), BLamO0.1, and BLamO.2, which are approximations of
Hawkins as described in [21]. Figure 3b plots the reward of these
algorithms for 1000 arms and budget being 10% = 100, averaged
over 25 runs (minus the reward of a policy that takes all 0 cost
actions called Nobody). We see that MFP performs as well as others.
In the full version of the paper, we provide results with smaller
number of arms; again, MFP’s performance is as good as the other
algorithms.

Additional Experiments: We also simulated another environ-
ment proposed in [21], which is similar to the examples we show
in Section 4. This simulation environment also has greedy and reli-
able type of agents, along with a third agent type named easy. In
these experiments (see full version of the paper), MFP significantly
outperforms the Whittle index policy.

8 CONCLUSIONS

This work challenges the techniques used in practically deployed
solutions to important resource allocation problems and proposes
and evaluates an alternative, provably effective method. Specifically,
we demonstrate that it is important to read the fine print before
applying Whittle index policies for RMABs in sensitive applications
like healthcare by constructing simple, practically relevant and in-
dexable instances of RMABs where Whittle index policies perform
poorly. We then propose and analyze the mean field planning (MFP)
algorithm, which is simple, efficient, and hyper-parameter free. This
method provably obtains near-optimal policies with a large num-
ber of arms N without any structural assumptions of the Whittle
index policies. We then demonstrate via extensive experiments that
MFP obtains policies that perform better than the state-of-the-art
Lagrangian relaxation based policies—policies that are currently
used in practical applications in the healthcare domain.
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